Abstract. The theory of measured quantum groupoids, as defined in [L] and [E4], was made to generalize the theory of quantum groups ([KV1], [KV2]), but was only defined in a von Neumann algebra setting; Th. Timmermann constructed locally compact quantum groupoids, which is a C * -version of quantum groupoids [Ti4] . Here, we associate to such a locally compact quantum groupoid a measured quantum groupoid in which it is weakly dense; we then associate to a measured quantum groupoid a locally compact quantum groupoid which is weakly dense in the measured quantum groupoid, but such a locally compact quantum groupoid may be not unique; we construct a duality of locally compact quantum groupoids. We give then examples of locally compact quantum groupoids.
1. Introduction 1.1. Locally compact quantum groups. The theory of locally compact quantum groups, developed by J. Kustermans and S. Vaes ([KV1] , [KV2] ), provides a comprehensive framework for the study of quantum groups in the setting of C * -algebras and von Neumann algebras. It includes a far reaching generalization of the classical Pontrjagin duality of locally compact abelian groups, that covers all locally compact groups. Namely, if G is a locally compact group, its von Neumann algebra is L ∞ (G, µ) (where µ is the left Haar measure on G), and its dual von Neumann algebra is L(G) generated by the left regular representation λ G of G on L 2 (µ), equipped with a coproduct Γ G from L(G) on L(G) ⊗ L(G) defined, for all s ∈ G, by Γ G (λ G (s)) = λ G (s) ⊗ λ G (s), and with a normal semi-finite faithful weight, called the Plancherel weight ϕ G , associated via the Tomita-Takesaki construction, to the left Hilbert algebra defined by the algebra K(G) of continuous functions with compact support (with convolution as product), this weight ϕ G being left-and right-invariant with respect to Γ G ( [T] , VII, 3) .
This theory builds on many preceding works, by G. Kac, G. Kac and L. Vainerman, J.-M. Schwartz and the author ([ES1] , [ES2] ), S. Baaj and G. Skandalis ( [BS] ), A. Van Daele ( [VD1] ), S. Woronowicz [W1] , [W5] , [W6] ) and many others. See the monography written by T. Timmermann for a survey of that theory ([Ti1] ), and the introduction of [ES2] for a sketch of the historical background. It seems to have reached now a stable situation, because it fits the needs of operator algebraists for many reasons:
First, the axioms of this theory are very simple and elegant: they can be given in both C * -algebras and von Neumann algebras, and these two points of view are equivalent, as A. Weil had shown it was the fact for groups (namely any measurable group equipped with a left-invariant positive non zero measure bears a topology which makes it locally compact, and this measure is then the Haar measure ( [W] , Appendice I)). In a von Neumann setting, a locally compact quantum group is just a von Neumann algebra, equipped with a co-associative coproduct, and two normal faithful semi-finite weights, one left-invariant with respect to that coproduct, and one right-invariant. Then, many other data are constructed, in particular a multiplicative unitary (as defined in [BS] ) which is manageable (as defined in [W6] ).
Second, all preceeding attemps ([ES2] , [W5] ) appear as particular cases of locally compact quantum groups; and many interesting examples were constructed ([W2] , [W3] , [VV] ).
Third, many constructions of harmonic analysis, or concerning group actions on C * -algebras and von Neumann algebras, were generalized to locally compact quantum groups ([V2] ).
Finally, many constructions made by algebraists at the level of Hopf * -algebras, or multipliers Hopf * -algebras, can be generalized for locally compact quantum groups. This is the case, for instance, for Drinfel'd double of a quantum group ( [D] ), and for Yetter-Drinfel'd algebras which were well-known in an algebraic approach in [M] .
1.2. Measured Quantum Groupoids. In two articles ([Val1] , [Val2] ), J.-M. Vallin has introduced two notions (pseudo-multiplicative unitary, Hopf bimodule), in order to generalize, to the groupoid case, the classical notions of multiplicative unitary ( [BS] ) and of a co-associative coproduct on a von Neumann algebra. Then, F. Lesieur ([L] ), starting from a Hopf bimodule, when there exist a left-invariant operator-valued weight and a right-invariant operator-valued weight, mimicking in that wider setting what was done in ([KV1] , [KV2] ), obtained a pseudo-multiplicative unitary, and called "measured quantum groupoids" these objects. A new set of axioms had been given in an appendix of [E3] . In
Measured quantum groupoids
In this chapter, we recall the definition of the relative tensor product of Hilbert spaces, and of the fiber product of von Neumann algebra (2.1). Then, we recall the definition of a Hopf bimodule (2.4) and a co-inverse. We then give the definition of a measured quantum groupoid, recall the construction of the pseudo-multiplicative unitary (2.6), and all the data constructed then, including duality of measured quantum groupoids (2.9).
2.1. Relative tensor products of Hilbert spaces ( [C] , [S] , [T] , [EVal] ). Let N be a von Neumann algebra, ν a normal semi-finite faithful weight on N; we shall denote by H ν , N ν , . . . the canonical objects of the Tomita-Takesaki theory associated to the weight ν.
Let α be a non-degenerate faithful representation of N on a Hilbert space H. The set of ν-bounded elements of the left module α H is D( α H, ν) = {ξ ∈ H : ∃C < ∞, α(y)ξ ≤ C Λ ν (y) , ∀y ∈ N ν }.
For any ξ in D( α H, ν), there exists a bounded operator R α,ν (ξ) from H ν to H such that R α,ν (ξ)Λ ν (y) = α(y)ξ for all y ∈ N ν , and this operator exchanges the representations of N. If ξ and η are bounded vectors, we define the operator product
which belongs to π ν (N) ′ . Using Tomita-Takesaki theory, this last algebra will be identified with the opposite von Neumann algebra N o . We shall use also the operator θ α,ν (ξ, η) = R α,ν (ξ)R α,ν (η) * which belongs to α(N) ′ . If now β is a non-degenerate faithful anti-representation of N on a Hilbert space K, the relative tensor product K β ⊗ α ν H is the completion of the algebraic tensor product K ⊙ D( α H, ν) by the scalar product defined by (ξ 1 ⊙ η 1 |ξ 2 ⊙ η 2 ) = (β( η 1 |η 2 α,ν )ξ 1 |ξ 2 ) for all ξ 1 , ξ 2 ∈ K and η 1 , η 2 ∈ D( α H, ν). If ξ ∈ K and η ∈ D( α H In ( [DC1] , chap. 11), De Commer had shown that, if N is finite-dimensional, the Hilbert space K β ⊗ α ν H can be isometrically imbedded into the usual Hilbert tensor product K ⊗ H.
2.1.1. Definition. There exists ( [C] , prop.3) a family (e i ) i∈I of ν-bounded elements of α H, such that i θ α,ν (e i , e i ) = 1
Such a family will be called an (α, ν)-basis of H. Then, for any i ∈ I, the image of θ α,ν (e i , e i ) is included in the closure of the subspace {α(n)e i , n ∈ N}. In that situation, let us consider, for all n ∈ N and finite J ⊂ I with |J| = n, the (1, n) matrix R J = (R α,ν (e i )) i∈J . As R J R * J ≤ 1, we get that R J ≤ 1, and that the (n, n) matrix (< e i , e j > α,ν ) i,j∈J ∈ M n (N o ) is less than the unit matrix. It is possible ( [EN] 2.2) to construct an (α, ν)-basis of H, (e i ) i∈I , such that the operators R α,ν (e i ) are partial isometries with final supports θ α,ν (e i , e i ) 2 by 2 orthogonal, and such that, if i = j, then < e i , e j > α,ν = 0. Such a family will be called an (α, ν)-orthogonal basis of H. We have, then : the sums being weakly convergent. Moreover, we get that, for all n in N, θ α,ν (e i , e i )α(n)e i = α(n)e i , and θ α,ν (e i , e i ) is the orthogonal projection on the closure of the subspace {α(n)e i , n ∈ N}. 2.2. Operator-valued weights. Let M 0 ⊂ M 1 be an inclusion of von Neumann algebras (for simplification, these algebras will be supposed to be σ-finite), equipped with a normal faithful semi-finite operator-valued weight T 1 from M 1 to M 0 (to be more precise, from M canonical representation of M 0 on H 1 , and s for the canonical antirepresentation given, for all x in M 0 , by s(x) = J 1 r(x) * J 1 . Let us have now a closer look to the subspaces
Basic construction. ([EN
, analytical with respect to ψ 1 , and such that, for all z in C, σ
, 2.2.1): (i) the algebra T ψ 1 ,T 1 is weakly dense in M 1 ; it will be called Tomita's algebra with respect to ψ 1 and More precisely, in ([E2] , 2.3) was constructed an increasing sequence of projections p n in M 1 , converging to 1, and elements x n in T ψ 1 ,T 1 such that Λ ψ 1 (x n ) = p n ξ. We then get that :
which is increasing and weakly converging to EN], 10.3, 10.7, 10.11, [E3] , 2.10) Let M 1 be a von Neumann algebra, M 0 be a von Neumann subalgebra of M 1 , ν a faithful semi-finite normal weight on M 0 and T a normal faithful semi-finite operator-valued weight from M 1 onto M 0 ; let r be the inclusion of M 0 into B(H ν•T ), and s the anti- * -homomorphism from
* belongs to M 2 , and the von Neumann algebra M 2 is generated by these operators; moreover, there exists a normal faithful semi-finite operator-valued weight
; then, there exists a unique element
(ii) there exists a family (e i ) i∈I in N T ∩N these two sums being weakly convergent. Such a family (e i ) i∈I will be called a basis for (T, ν) . Moreover, the family J ν•T Λ ν•T (e i ) is a basis for (α, ν) (2.1.1), where α is the
Moreover, the vectors (Λ ν•T (e i )) i∈I are a (s, ν o )-orthogonal basis of H ν•T , and the vec-
Proof. Result (i) is just ( [EN] , 10.3, 10.7 and 10.11). Let us simplify and clarify the proof given in ([E3] , 2.10) for (ii) : let us first remark that
Lemma. Let N be a von Neumann algebra, ν be a faithful semi-finite normal weight on N. Let α be a faithful non degenerate representation of N into a von Neumann algebra M 1 , and T 1 be a normal faithful semi-finite operator-valued weight from M 1 onto α(N). Let β be a faithful non degenerate anti-representation of N into a von Neumann algebra M 2 , and T 2 be a normal faithful semi-finite operator-valued weight from M 2 onto β(N). For x ∈ N T 1 , let us define
and, for y ∈ N T 2 , let us define as well
) by :
Proof. It is straightforward to get that :
The formula about Λ T 1 (x) * is an easy calculation, and then we get the formula about x
, and then for all x ′ 1 , x ′ 2 by continuity, , which finishes the proof of (i).
The formula about Λ ν o •β −1 •T 2 (y) is just the definition of Λ T 2 ; the other results of (ii) are proved the same way as (i).
Using (i), we get that the scalar product is equal to :
which, using (ii), is equal to
) and, using (i) again, is equal to :
2.3. Fiber product of von Neumann algebras [EVal] . If x ∈ β(N) ′ and y ∈ α(N) ′ , it is possible to define an operator x β ⊗ α ν y on K β ⊗ α ν H, with natural values on the elementary tensors. As this operator does not depend upon the weight ν, it will be denoted by
If P is a von Neumann algebra on H with α(N) ⊂ P , and Q a von Neumann algebra on K with β(N) ⊂ Q, then we define the fiber product
This von Neumann algebra can be defined independently of the Hilbert spaces on which P and Q are represented. If for i = 1, 2, α i is a faithful non-degenerate homomorphism from N into P i , and β i is a faithful non-degenerate anti-homomorphism from N into Q i , and Φ (resp. Ψ) a homomorphism from P 1 to P 2 (resp. from Q 1 to Q 2 ) such that
We define a relative flip
B(H) and any normal semi-finite faithful weight ψ on
N.
Let now U be an isometry from a Hilbert space K 1 in a Hilbert space K 2 , which intertwines two anti-representations β 1 and β 2 of N, and let V be an isometry from a Hilbert space H 1 in a Hilbert space H 2 , which intertwines two representations α 1 and α 2 of N. Then, it is possible to define, on linear combinations of elementary tensors, an isometry U β 1 ⊗ α 1 ν V which can be extended to the whole Hilbert space
One can show that this isometry does not depend upon the weight ν. It will be denoted by
, then it is possible to construct on elementary tensors an operator
2.4. Definition of a Hopf-bimodule. A quintuple (N, M, α, β, Γ) will be called a Hopfbimodule, following ([Val2] , [EVal] 6.5), if N, M are von Neumann algebras, α is a faithful non-degenerate representation of N into M, β is a faithful non-degenerate antirepresentation of N into M, with commuting ranges, and Γ is an injective * -homomorphism
(iii) Γ satisfies the co-associativity relation :
This last formula makes sense, thanks to the two preceeding ones and 2.1. The von Neumann algebra N will be called the basis of (N, M, α, β, Γ).
In ([DC1] , chap. 11), De Commer has shown that, if N is finite-dimensional, the Hilbert space M) and the projection p on this closed subspace belongs to M ⊗M. Moreover, the fiber product M β * α N M can be then identified with the reduced von Neumann algebra p(M ⊗M)p and we can consider Γ as an usual coproduct M → M ⊗M, but with the condition Γ(1) = p.
A co-inverse R for a Hopf bimodule (N, M, α, β, Γ) is an involutive (
For an example, suppose that G is a measured groupoid, with G (0) as its set of units. We denote by r and s the range and source maps from G to G (0) , given by xx −1 = r(x) and x −1 x = s(x), and by G (2) the set of composable elements, i.e.
be a Haar system on G and ν a measure on G (0) . Let us denote by µ the measure on G given by integrating λ u by ν,
By definition, ν is called quasi-invariant if µ is equivalent to its image under the inversion x → x −1 of G (see [R] , [C2] II.5, [Pa] and [AR] for more details, precise definitions and examples of groupoids).
In [Y1] , [Y2] , [Y3] and [Val2] was associated to a measured groupoid G, equipped with a Haar system (λ u ) u∈G (0) and a quasi-invariant measure ν on G (0) , a Hopf bimodule with an abelian underlying von Neumann algebra (L ∞ 
It is straightforward to get that the inversion of the groupoid gives a co-inverse for this Hopf bimodule structure.
Definition of measured quantum groupoids ([L], [E4]). A measured quantum groupoid is an octuple
T is a left-invariant normal, semi-finite, faithful operator-valued weight from M to α(N) (to be more precise, from M + to the extended positive elements of α(N) (cf. [T] IX.4.12)), which means that, for any
′ is a right-invariant normal, semi-finite, faithful operator-valued weight from M to β(N), which means that, for any
(iv) ν is normal semi-finite faithful weight on N, which is relatively invariant with respect to T and T ′ , which means that the modular automorphisms groups of the weights
The weight ϕ will be called left-invariant, and ψ right-invariant.
For example, let G be a measured groupoid equipped with a left Haar system (λ u ) u∈G (0) and a quasi-invariant measure ν on G (0) . Let us use the notations introduced in 2.
The image of this function by the homomorphism r G is the function on G, γ → G f dλ r(γ) , and the application which sends f to this function can be considered as an operatorvalued weight from
) which is normal, semi-finite and faithful. By definition of the Haar system (λ u ) u∈G (0) , it is left-invariant in the sense of (ii). We shall denote this operator-valued weight from
If we write λ u for the image of λ u under the inversion x → x −1 of the groupoid G, starting from the application which sends f to the function on
, which is right-invariant in the sense of (ii), and which we shall denote by T (−1) G . We then get that :
is a measured quantum groupoid, which we shall denote again G. It can be proved ( [E5] ) that any measured quantum groupoid, whose underlying von Neumann algebra is abelian, is of that type.
Let G = (N, M, α, β, Γ, T, T ′ , ν) be a measured quantum groupoid, then we denote by
; it is is another measured quantum groupoid, called the opposite measured quantum groupoid of G. If T is bounded, G is called "of compact type".
2.6. Pseudo-multiplicative unitary. Let G = (N, M, α, β, Γ, T, T ′ , ν) be an octuple satisfying the axioms (i), (ii) (iii) of 2.5. With ϕ = ν • α −1 • T , we shall write H = H ϕ , J = J ϕ and β(n) = Jα(n * )J for all n ∈ N. Then ( [L] , 3.7.3 and 3.7.4), G can be equipped with a pseudo-multiplicative unitary W which is a unitary from E4] , 3.6) that intertwines α, β, β in the following way: for all X ∈ N, we have :
Moreover, the operator W satisfies the pentagonal relation :
The operators in this formula are well-defined because of the intertwining relations listed above.
The operator W is defined by the following formula, for any a
, 3.2.10)) :
The operator W does not depend of the choice of the (β, ν o ) basis. Moreover, W , M and Γ are related by the following results:
(i) M is the weakly closed linear space generated by all operators (id * ω ξ,η ) (W ) , where
If N is finite-dimensional, using the fact that the relative tensor products can be identified with closed subspaces of the usual Hilbert tensor product (2.1), we get that W can be considered as a partial isometry on the usual Hilbert tensor product, which is multiplicative in the usual sense (i.e. such that
we have :
from which we get the result.
. Then, we have :
is a measured quantum groupoid in the sense of 2.5, Let W be its pseudo-multiplicative unitary,,
; then, we have :
Proof. Using the 2.6(ii) we get that :
which is equal to :
which, using the pentagonal relation (2.6), is equal to :
or, to :
Defining now ζ i , ζ ′ i as in 2.7, we get, using 2.8, that it is equal to :
which, thanks to 2.7, is equal to :
and, therefore, to :
which finishes the proof.
2.9.
Other data associated to a measured quantum groupoid
is a measured quantum groupoid in the sense of 2.5. Let us write ϕ = ν • α −1 • T , which is a normal semi-finite faithful left-invariant weight on M. Then: (i) There exists an anti- * -automorphism R on M such that :
and :
This map R will be called the co-inverse.
(ii) There exists a one-parameter group τ t of automorphisms of M such that :
for all t ∈ R and and n ∈ N. This one-parameter group will be called the scaling group.
(iii) The weight ν is relatively invariant with respect to T and RT R. Moreover, R and τ t are still the co-inverse and the scaling group of this new measured quantum groupoid, which we shall denote by :
and for simplification we shall assume now that T ′ = RT R and ψ = ϕ • R. (iv) There exists a one-parameter group γ t of automorphisms of N such that :
for all t ∈ R and n ∈ N. Moreover, we get that ν • γ t = ν.
(v) There exist a positive non-singular operator λ affiliated to Z(M) and a positive non-singular operator δ affiliated with M such that :
and therefore
The operator λ will be called the scaling operator, and there exists a positive non-singular operator q affiliated to N such that λ = α(q) = β(q). We have R(λ) = λ.
The operator δ will be called the modulus. We have R(δ) = δ −1 and τ t (δ) = δ for all t ∈ R, and we can define a one-parameter group of unitaries δ it β ⊗ α N δ it which acts naturally on elementary tensor products and satisfies for all t ∈ R :
• τ t for all s, t in R and allows to define a one-parameter group of unitaries by :
Moreover, for any y in M, we get that :
and it is possible to define one parameter groups of unitaries
such that :
We shall say that the pseudo-multiplicative unitary W is manageable, with managing operator P , which implies it is weakly regular in the sense of [E3] , 4.1.
where M is equal to the weakly closed linear space generated by all operators of the form
y ∈ M , and the dual left operator-valued weight T is constructed in a similar way as the dual left-invariant weight of a locally compact quantum group. Namely, it is possible to construct a normal semi-finite faithful weight ϕ on M such that, for all ξ ∈ D(H β , ν o ) and η ∈ D( α H, ν) such that ω ξ,η belongs to I ϕ :
We can prove that σ
t for all t ∈ R, which gives the existence of an operatorvalued weight T , which appears then to be left-invariant.
As the formula y → Jy * J (y ∈ M ) gives a co-inverse for the coproduct Γ, we get also a right-invariant operator-valued weight. Moreover, the pseudo-multiplicative unitary W associated to G is W = σ ν W * σ ν , its managing operator P is equal to P , its scaling group is given by τ t (y) = P it yP −it , its scaling operator λ is equal to λ −1 , and its one-parameter group of automorphisms γ t of N is equal to γ −t .
We write ϕ for ν • α −1 • T , identify H ϕ with H, and write
Moreover, we have G = G.
For example, let G be a measured groupoid as in 2.5. The dual G of the measured quantum groupoid constructed in 2.5 (and denoted again by G) is :
where L(G) is the von Neumann algebra generated by the convolution algebra associated to the groupoid G, the coproduct Γ G had been defined in ([Val1] 
be a measured quantum groupoid, as defined in 2.5, W the pseudo-multiplicative unitary associated by 2.6 ; (i) we have, using the notations of 2.6 :
Proof. Result (i) is easily obtained from 2.6. Then, by 2.6(ii), we get (ii).
be a measured quantum groupoid, as defined in 2.5, W the pseudo-mltiplicative unitary associated by 2.6, R the co-inverse associated by 2.9; let us define A n (W ) as the norm closure of the linear span generated by all operators of the form (id
Proof. This is [E3] , 3.6, [E4] , 4.3 and 4.5.
′ , ν) be a measured quantum groupoid; let's use all notations introduced in 2.9. Then, for any ξ, η in D( α H Φ , ν), for all t in R, we have :
Let us take ξ = J ϕ Λ ϕ (y * 1 y 2 ), and η = J ϕ Λ ϕ (x), with x, y 1 , y 2 in N T ∩ N ϕ ; then, using 2.6 and 2.9, we get :
which, using again 2.6 and 2.9, is equal to :
(y * which gives the first result of (iii), using 2.6. By similar calculations, we obtain :
from which we obtain the second result of (iii).
2.9.4. Lemma. Let G = (N, M, α, β, Γ, T, T ′ , ν) be a measured quantum groupoid, as defined in 2.5, W the pseudo-multiplicative unitary associated by 2.6, R the co-inverse associated by 2.9; let x and y in M ϕ ∩ M T ; then, we have :
Proof. Using 2.6(iii), we have, for any
from which we get :
and, using 2.6(iii) again, we get (i).
, we get that :
which is (ii).
be a measured quantum groupoid, as defined in 2.5, W the pseudo-mltiplicative unitary associated by 2.6, R the co-inverse associated by 2.9; let
2 y 1 belongs to M RT R , and we have :
x 1 belongs to M RT R , and we have then :
(which is positive); applying the right-invariant operator valued weight RT R, we get :
which is a bounded positive operator if x belongs to N RT R ; it is then equal to :
by 2.2.2(i); then, we get (ii) by polarization and (i), by applying 2.9.
Locally compact quantum groupoids
In this chapter, we first recall (3.1) the definition and basic properties of the C * -relative tensor product (3.1.3, 3.1.5) and the definition of the C * -fiber product of two C * -algebras, as defined by T. Timmermann ([Ti2] ). We then recall (3.2) the definition of a weight on a C * -algebra and the main properties : lower semi-continuous weights (3.2.4), and KMS weights (3.2.5). In 3.3, we recall the definition of C * -valued weights and lower semicontinuous C * -valued weights, as introduced by J. Kustermans ([K2] ). We introduce (3.3.2) the notion of a KMS pair (ν, T ), where ν is a lower semi-continuous weight on a C * -algebra B, and T a lower semi-continuous C * -valued weight from a C * -algebra A to M (B) . We then give another definition of a fiber product of two C * -algebras (3.5, [Ti2] ) and of a locally compact quantum groupoid (3.6.4).
C
* -relative product of Hilbert spaces and C * -fiber product of C * -algebras.
where H is a Hilbert space, and B, B † are commuting non degenerate sub-C * -algebras of B(H). We denote
, where H is a Hilbert space, and L is a norm closed subspace of B(H, H), such that
where [X] means the closed linear space generated by
K is the Hilbert space generated
with the inner product :
In this formula, note that, by 3.1.2, P * 1 P 2 belongs to B † , L * 1 L 2 belongs to B, and therefore, by 3.1.1, commute.
The image of
It is clear that we can define σ b :
and its adjoint
Proof. We have
ξ from which we get (i), by density (3.1.2). Result (ii) is obtained the very same way.
, and the relative tensor product
belong to the norm closure of the linear set generated by
, and such that, for all
and called the C * -fiber product of the C * -b-algebra A 1 and the C * -b † -algebra A 2 . With the notations of 3.1.3, we have ς(
Xλ L 1 belongs to A 2 , and, for
, and Φ is a bmorphism from A 1 to M(Ã 1 ), and if (K,P ) is another C * -b † -module, andÃ 2 a C * -b † -algebra on (K,P ), and Ψ a b † -morphism from A 2 to M(Ã 2 ), then, there exists a 3.20) . This homomorphism may be degenerate.
, and, therefore, to the norm closure of the linear set generated by
we get also that Xρ P 1 and X * ρ P 1 belong to the norm closure of of the linear set generated by
Let us suppose now that all operators
to the norm closure of the linear set generated by
; then, as Xρ P 1 and X * ρ P 1 belongs to the linear set generated by Ti2] , 2.13); moreover, if A is a sub-C * -algebra of B(H), and K is a sub-C * -algebra of B (K) , then the C * -fiber product A *
3.2.1. Notations. Let M be a von Neuman algebra, and α an action from a locally compact group G on M, i.e. a homomorphism from G into AutM, such that, for all x ∈ M, the function g → α g (x) is σ-weakly continuous. Let us denote by C * (α) the set of elements x of M, such that this function t → α g (x) is norm continuous. It is ( [Pe] , 7.5.1) a sub-C * -algebra of M, invariant under the α g , generated by the elements (x ∈ N,f ∈ L 1 (G)):
More precisely, we get that, for any x in M, α f (x) is σ-weakly converging to x when f goes in an approximate unit of L 1 (G), which proves that C * (α) is σ-weakly dense in M, and that x ∈ M belongs to C * (α) if and only if this file is norm converging. If α t and γ s are two one-parameter automorphism groups of M, such that, for all s, t in R, we have α t • γ s = γ s • α t , by considering the action of R 2 given by (s, t) → γ s • α t , we obtain a dense sub-C * -algebra of M, on which both α and γ are norm continuous, we shall denote C * (α, γ). If ϕ is a normal semi-finite faithful weight on M, we shall write C * (ϕ) for the norm
3.2.2. Definition. Let A be a C * -algebra; a weight ν on A a is function A + → [0, +∞] such that, for any x, y in A + , and λ ∈ R + , we have ν(x + y) = ν(x) + ν(y) and ν(λx) = λν(x).
We note M + ν = {x ∈ A + , ν(x) < ∞}, N ν = {x ∈ A, ν(x * x) < ∞} and M ν for the linear space generated by M + ν (or by all products x * y, where x, y are in N ν ). As ν is an increasing function, we get that M + ν is an hereditary cone, N ν a left ideal (in M(A)), and that M ν is a sub- * -algebra of A, and that M + ν = M ν ∩ A + (which justify the notation). Moreover, ν can be extended to a linear map on M ν , we shall denote again ν. We denote N ν the set of all x ∈ A, such that ν(x * x) = 0; it is clear that N ν is a left-ideal of A.
We shall say that ν is densely defined if M + ν is dense in A + (or if M ν (resp. N ν ) is dense in A), and that ν is faithful if, for x ∈ A + , ν(x) = 0 implies that x = 0 (and then N ν = {0}).
3.2.3. Definition. Be given a C * -algebra A and a weight ν on A, a GNS construction for ν is a triple (H ν , π ν , Λ ν ) such that :
(i) H ν is a Hilbert space, (ii) Λ ν is a linear map from N ν in H ν , such that Λ ν (N ν ) is dense in H ν , and, for any x, y in N ν , we have (Λ ν (x)|Λ ν (y)) = ν(y * x), (iii) π ν is a representation of A on H ν , such that, for any a ∈ A, Λ ν (ax) = π ν (a)Λ ν (x). For a construction, we refer to ( [C1] , 2).
3.2.4. Definition. We shall say that a weight ν on a C * -algebra A is lower semicontinuous (l.s.c.) if, for all λ ∈ R + , the set {x ∈ A + , ν(x) ≤ λ} is closed. Then, it is proved ([C1], 1.7) that, for any x ∈ A + , ν(x) = sup{ω(x), ω ∈ A * + , ω ≤ ν}. and ( [K1] , 2.3) that Λ ν is closed. Moreover, ν has then a natural extension to M(A).
3.2.5. Definition. Be given a C * -algebra A, a densely defined lower semi-continuous faithful weight ν on A, and a norm continuous one parameter group of automorphism σ on A; we shall say par ν is a KMS weight on A (with respect to σ) if :
(ii) for any x, y in N ν ∩ N * ν , there exists a bounded function f in the set {0 ≤ Imz ≤ 1} ⊂ C, analytic in {0 < Imz < 1}, such that, for all t ∈ R, f (t) = ν(σ t (x)y) and f (t + i) = ν(yσ t (x)) (the so-called KMS conditions).
Then ( [EVal] ,2.2.3; the proof is due to F. Combes), ν extends to a normal semi-finite faithful weight on the von Neumann algebra π ν (A) ′′ , we shall denote by ν. Then σ is unique and is the restriction to A of the modular group σ ν . With the notations of 3.2.1, we get that, if ϕ is a normal semi-finite faithful weight on a von Neumann algebra M, then ϕ |C * (ϕ) is a KMS weight on C * (ϕ).
3.2.6. Definition. Be given a C * -algebra A, and a densely defined, lower semi-continuous, faithful weight ν, KMS with respect to a one parameter group σ of automorphisms, we shall say that x is analytic if the function t → σ t (x) extends to an analytic function.
If x ∈ N ν , then x n = n √ π e −n 2 t 2 σ t (x)dt is analytic, belongs to N ν and x n is norm converging to x and Λ ν (x n ) is norm converging to
3.3.1. Definition. Be given two C * -algebras A and B, with B ⊂ M(A), and a hereditary cone P in A + ; let us write N = {a ∈ A, a * a ∈ P } and
, such that, for any b ∈ B and x ∈ P , b * xb belongs to P and T (b * xb) = b * T (x)b. Then, M will be denoted M T , N will be denoted N T , and P will be denoted M + T . We shall say that T is densely defined if one of these sets is dense in A (or A + ). T is faithful if (x ∈ M + T ), T x = 0 implies that x = 0. If T is faithful and densely defined, then it is easy to get that T (M T ) is a dense ideal in M (B) .
A definition of lower semi-continuity is given in ([K2], 3 ). More precisely, Kustermans constructs a uprising set G T of bounded completely positive maps from A to M (B) , and T is then said lower semi-continuous if M + T is the set of x ∈ A + such that (ρ(x)) ρ∈G T is strictly convergent in M(B), and if this limit is then equal to T (x). So, when ν is a lower semi-continuous weight on B, which then extends to M(B) (3.2.4), then ν • T is a lower semi-continuous weight on A. More precisely, if ν and T are densely defined, lower semi-continuous and faithful, so is ν • T .
3.3.2. Definition. Be given two C * -algebras A and B, with B ⊂ M(A), a faithful densely defined lower semi-continuous C * -weight T from A to M (B) , and a faithful densely defined lower semi-continuous weight ν on B, which then extends to M (B) . We shall say that the pair (ν, T ) is KMS if :
(i) there exists a one parameter automorphism group σ ν on B, such that ν is KMS with respect to σ ν ; (ii) there exists a one parameter automorphism group σ ν•T on A, such that ν • T is KMS with respect to σ ν•T ; (iii) for all t ∈ R, the restriction of σ
In that situation, considering the GNS constructions of ν and ν • T , we define, for any a ∈ N T , the linear map
3.3.3. Theorem. Be given two C * -algebras A and B, with B ⊂ M(A), a densely defined, faithful, lower semi-continuous weight ν on B, a densely defined, faithful, lower semicontinuous C * -valued weight T from A into M (B) , such that (ν, T ) is KMS, in the sense of 3.3.2. Then :
which allows to consider π ν (B)
′′ as a sub-algebra of π ν•T (A) ′′ . (ii) moreover, there exists a normal faithful semi-finite operator-valued weight T from
Proof. For any b ∈ B and t ∈ R, we have : to this subalgebra is equal to σ ν t . This gives the existence of a normal semi-finite faithful operator valued weight T from π ν•T (A)
′′ onto π ν (B) ′′ . The fact that the restriction of T to π ν•T (A) is equal to T is straightforward.
Note that the existence of Φ can also be deduced from ([C3], 1.7 and 1.8). Thanks to that result, we get, by restriction of T , that, for all t ∈ R, σ
, from which we get that σ 3.3.4. Theorem. Let M be a von Neumann algebra, N a sub-von Neumann algebra of M, and T a normal faithful semi-finite operator-valued weight from M to N, ν a normal semi-finite faithful weight on N, and ϕ = ν • T ; let us define C * (T, ν) as the norm closure of M T ∩ C * (ϕ); then :
. Using 3.2.1, we get that x is the norm limit of R f i (t)σ ϕ t (x)dt, when f i is a positive continuous approximate unit of L 1 (R). Let ω ∈ N * + , such that ω |C * (σ ν ) = 0; as ω • T is norm lower semi-continuous, we get that ω • T is equal to sup{ω ′ ∈ M + * , ω ′ ≤ ω • T }; then, using the norm continuity of ω ′ , we have :
because, by 3.2.1 again, all elements of the form R f (t)σ ν t (y)dt, for any y ∈ N and f ∈ L 1 (R), belong to C * (σ ν ); therefore, we get that ω • T (x) = 0, and, then, that
, using (i), we get that xy belongs to
and that such elements are dense in both C * (T, ν) and C * (ϕ), which is (ii).
(iii) as M T is invariant under σ ϕ t , we get that ϕ |C * (ϕ) is KMS; as ν |C * (ν) is also KMS, we get easily the result.
Basic construction for inclusion of C
* -algebras with KMS C * -valued weights. Let B, A be two C * -algebras, with B ⊂ M(A). Let ν be a KMS weight on B, and T a densely defined lower semi-continuous C * -valued weight from A to M (B) , such that the pair (ν, T ) is KMS. We define ϕ = ν • T which is a KMS weight on A. We shall denote M 0 = π ν (B) ′′ , M 1 = π ϕ (A) ′′ , ν the canonical extension of ν to M 0 (which, by 3.2.5, is a normal semi-finite faithful weight on M 0 ), ϕ the canonical extension of ϕ to M 1 (which, by 3.2.5 again, is a normal semi-finite faithful weight on M 1 ). Using again 3.3.3, we get that M 0 can be considered as a sub-von Neumann algebra of M 1 , and that there exists T a canonical extension of T to M 1 (which, by 3.3.3, is a normal semi-finite faithful operator-valued weight from M 1 to M 0 ). Let M 2 be the basic construction made from the inclusion M 0 ⊂ M 1 , and let T 2 be the normal faithful semi-finite operator-valued weight constructed in 2.2.1(i) from M 2 to M 1 .
The norm closure of the linear space generated by all elements of the form
* is norm converging to y.
Proof. The proof of (i) is trivial. For any a 1 , a 2 ,
, so a 1 (T (b * 1 a 2 )) belongs to A. Moreover, it is easy to get that it belongs also to N T ∩ N ϕ , which gives that the linear space generated by all elements of the form Λ T (a)Λ T (b)
* is an algebra, and the first part of (ii). The fact that A ⊂ M(A 1 ) is trivial; which finishes the proof of (ii). Now, let us choose an approximate unit of A 1 of the form Σ i Λ T (a i )Λ T (b i ) * , and we get (iii).
Proof. Let b in N ν , analytic with respect to σ ν t , such that σ −i/2 (b * ) belongs to N ν ; we have :
We get then that σ ϕ −i/2 (x * ) belongs to N T .
3.5. Fiber product of C * -algebras. Here, using weights and C * -valued weights on C * -algebras, we give another definition of the fiber product of two C * -algebras; this definition is completely inspired by Timmermann's work, and, in that special situation, is equivalent to ([Ti2] , 3.3) .
3.5.1. Definition. Be given three C * -algebras A 1 , A 2 and B, α an injective strict * -homomorphism from B into M(A 1 ), β an injective strict * -antihomomorphism from B into M(A 2 ), T 1 a densely defined faithful lower semi-continuous C * -valued weight from A 1 to M(B), T 2 a densely defined faithful lower semi-continuous C * -valued weight from A 2 to M(B), ν a KMS weight on B such that both pairs (ν, T 1 ) and (ν, T 2 ) are KMS.
′′ ; let α (resp. β) be the imbedding of N into M 1 (resp. M 2 ) given by 3.3.3. Then α (resp. β) is an injective * -homomorphism (resp. anti- * -homomorphism) of N into M 1 (resp. M 2 ) and let M 2 β * α N M 1 their fiber product in the sense of 3.5. Let ϕ 1 (resp. ϕ 2 ) be the extension of ϕ 1 (resp. ϕ 2 ) to M + 1 (resp. M Jϕ 1 Λϕ 1 (y) belong to the norm closure of the linear set generated by :
Jϕ 2 Λϕ 2 (y ′ ) and X * λ β,α Jϕ 2 Λϕ 2 (y ′ ) belong to the norm closure of of the linear set generated by : 
Proof. By 3.5.1, we get that the operator Xλ Λϕ 2 (x 1 ) belongs to the norm closure of
Λϕ 2 (x ′′ ) A 1 , for all x ′′ in N ϕ 2 , analytic with resect to ϕ 2 . Then, we get that the operator (ω Λϕ 2 (x ′ 1 ),Λϕ 2 (x 1 ) β * α ν id)(X) belongs to the norm closure of all operators of the
which we get (i) by density. Result (ii) is proved the same way.
3.6. Locally compact quantum groupoids.
3.6.1. Theorem. Be given three C * -algebras A 1 , A 2 and B, α an injective strict * -homomorphism from B into M(A 1 ), β an injective strict * -antihomomorphism from B into M(A 2 ), T 1 a densely defined faithful lower semi-continuous C * -valued weight from A 1 to M(B), T 2 a densely defined faithful lower semi-continuous C * -valued weight from A 2 to M(B), ν a KMS weight on B such that both pairs (ν, T 1 ) and (ν,
is an isomorphism of Hilbert spaces.
Proof. Note that the equality given up here is an easy corollary of 2.1. The second term can be written also as
2.2, we get that the scalar product :
is equal to :
which can be written as :
which, by definition (3.1.3), is equal to the scalar product :
which proves the result.
3.6.2. Theorem. Be given three C * -algebras A 1 , A 2 and B, α an injective strict * -homomorphism from B into M(A 1 ), β an injective strict * -antihomomorphism from B into M(A 2 ), T 1 a densely defined faithful lower semi-continuous C * -valued weight from A 1 to M(B), T 2 a densely defined faithful lower semi-continuous C * -valued weight from A 2 to M(B), ν a KMS weight on B such that both pairs (ν, T 1 ) and (ν,
A 1 be the C * -fiber product in the sense of 3.1.6; let N = π ν (B)
′′ ; let α (resp. β) be the imbedding of N into M 1 (resp. M 2 ) given by 3.3.3. Then α (resp. β) is an injective * -homomorphism (resp. anti- * -homomorphism) of N into M 1 (resp. M 2 ) and let M 2 β * α N M 1 their fiber product in the sense of 3.5. Using 3.6.1, we shall consider that
Proof. Let us suppose first that x ′′ is analytic. By 3.1.6, we get that the operator
Using now 3.6.1, we get that the operator
id)(X) belongs to the norm closure of all operators of the
which we get (i) by density. Result (ii) is proved the same way. Then, it is straightforward to get that X commutes with 1 β ⊗ α N y, for all y ∈ π ν•α −1 •T 1 (A 1 ) ′ , and with
is defined the same way.
Let us write ϕ = ν • α −1 • T 1 , which is a KMS weight on A 1 , and ϕ its extension to M 1 . Using again 3.6.2, we define also
, 2.5.1), we get that, for any positive (ii) ν is a densely defined faithful, lower semi-continuous KMS weight on B, in the sense of 3.2.5; (iii) T is a densely defined faithful lower semi-continuous C * -valued weight from A to α (M(B) ), T ′ is a densely defined faithful lower semi-continuous C * -valued weight from A to β (M(B) ), such that both pairs (T, 
, and :
Γ are defined using 3.1.6. Such an application is called a
belong to A. We suppose, moreover, that the two linear subsets generated by these elements are dense in A. Then, Γ is called a non degenerate coproduct.
(v) the modular automorphism groups of the KMS weights
′ is right-invariant, which means that, for any x ′ ∈ M T ′+ , we have :
id) had been defined in 4.11.
3.6.5. Example. Let us suppose that b ν = t; then T and T ′ are KMS weights on A, C * -tensor product over b ν is the usual tensor product of Hilbert spaces, then , thanks to 3.1.7, any reduced C * -algebraic quantum group (A, Γ, T, T ′ ) in the sense of ([KV1], 4.1) is a locally compact quantum groupoid (C, A, id, id, id, T, T ′ , Γ).
From a locally compact quantum groupoid to a measured quantum groupoid
In this chapter, to any locally compact quantum groupoid G = (B, A, α, β, ν, T, T ′ , Γ), we associate a measured quantum groupoid G = (N, M, α, β, Γ, T , T ′ , ν) such that B is weakly dense in N, A is weakly dense in M, α (resp. β, Γ, T , T ′ , ν) is the restriction of α, (resp. β, Γ, T , T ′ , ν). The only problem is to extend the coproduct; this is done by using [L] , in which Lesieur associated a pseudo-multiplicative unitary to any quantum measured groupoid; this construction was inspired by ), who associated a multiplicative unitary to the C * -version of any locally compact group; so, it is not a surprise that Lesieur's construction can be extended to a C * -context. Then, we shall say that G is a locally compact sub-quantum groupoid of G (4.12). 4.1. Notations. Let G = (B, A, α, β, ν, T, T ′ , Γ) be a locally compact quantum groupoid, as defined in 3.6.4; let us denote ν the canonical normal faithful semi-finite weight constructed on N = π ν (B) ′′ in 3.2.5, and
′′ . Let α (resp. β) be the canonical injective * -homomorphism (resp. anti- * -homomorphism) from N into M constructed in 3.3.3. Let T (resp. T ′ ) be the normal faithful semi-finite operator-valued weight from M to α(N) (resp. β(N)) constructed in 3.3.3. Finally, let us define, for all x ∈ N, β(x) = J ϕ α(x * )J ϕ .
4.2. Theorem. Let G = (B, A, α, β, ν, T, T ′ , Γ) be a locally compact quantum groupoid, as defined in 3.6.4; let's use the notations of 4.1; then, (i) for any a ∈ N T ∩ N ϕ , and any v, ξ, in
Proof. The proof of (i) is identical to ( [L] , 3.2.7), and the proof of (ii) is identical to ( [L] , 3.2.9 and 3.2.10).
4.3.
Proposition. Let's use the notations of 4.1 and 4.2; then, we have : (i) for any x ∈ N ϕ , e ∈ N ϕ , ξ ∈ H, we have :
(ii) for any a ∈ A, we have Γ(a)U = U(1 α ⊗ β N a).
Proof. The proof of (i) is identical to ( [L] , 3.3.1); then (ii) is a direct corollary of (i), as in ( [L] , 3.4.5).
4.4.
Lemma. Let's use the notations of 4.1 and 4.2; then, we have, for any a ∈ N ϕ :
(ii) for any e ∈ N ϕ , η ∈ D( α H, ν), we have :
Proof. The proof of (i) is identical to ( [L] , 3.3.3) and the proof of (ii) is identical to ( [L] , 3.3.4).
4.5. Theorem. Let's use the notations of 4.1 and 4.2; the isometry U is a unitary
Proof. This is the difficult part of the result; moreover, the proof is identical to ( [L] , 3.5).
4.6. Theorem. Let's use the notations of 4.1 and 4.2; for any x ∈ M, let's define Proof. For any a ∈ A, we have, thanks to 4.3(ii) and 4.5, Γ(a) = Γ(a), so, by continuity and 3.6.2, we get that Γ(x) belongs to M β * α N M. We get also that Γ is a coproduct by continuity.
4.7. Theorem. let G = (B, A, α, β, ν, T, T ′ , Γ) be a locally compact quantum groupoid; let's use the notations of 4.1 and 4.6. Then, G = (N, M, α, β, Γ, T , T ′ , ν) is a measured quantum groupoid, we shall denote G(G), and we have
Proof. By normality of T , we easily get that T is left-invariant with respect to Γ; the commutation property of σ ν•α −1 •T and σ Using again ( [L] , 3.6) we get easily that the pseudo-multiplicative unitary W associated to G is equal to U * .
4.8. Theorem. Let's use the notations of 4.7. Then : (i) let a, b, e in N ϕ ∩ N T ; we heve :
(ii) the linear set generated by all elements of the form (id
(iv) the modulus δ and the scaling operator λ of the measured quantum groupoid G are affiliated to A, in the sense of ( [B] , [W4] ).
(v) The scaling group τ t of G satisfies, for all t ∈ R, τ t (A) = A, and τ |A is a norm continuous one parameter group of automorphims of A.
Proof. Formula (i) is just an application of 4.4(ii) and 3.6.4(iv). Then, using the notations of 2.9.2, we have A ⊂ A n (W ), from which we get (ii).
We have, using ([E4], 3.10(v) and 3.11):
from which, using (ii), we get (iii). For the modulus, the proof of (iv) is completely similar to ([KV1] 7.10); then, as V1] 5.1), we get (iv). Using ([E4] , 3.8 (ii)), and (i), we get :
, which gives that τ t (A) ⊂ A, for any t ∈ R, and, therefore τ t (A) = A. Moreover, as
is norm continuous. 4.9. Lemma. Let G = (N, M, α, β, Γ, T, RT R, ν) be a measured quantum groupoid. Let A be a C * -algebra, weakly dense in M, invariant by R, and B a C * -algebra weakly dense in N, such that T (M T ∩ A) ⊂ M(B) and let us suppose that (ν |B , T |A ) is KMS. Moreover, let us suppose that, for any a ∈ A, b, c in
belongs to A, and that A is equal to the closed linear set generated by these elements. Then, for any c 1 ,
)(W * ) belongs to A, and A is the closed linear set generated by these elements. Moreover, if
belongs to A, for any x, y 1 , y 2 in A ∩ N T ∩ N ϕ ; using now 2.9.4, we get the first result. The second result of is given by the hypothesis R(A) = A.
4.10. Definition. Let G = (N, M, α, β, Γ, T, RT R, ν) be a measured quantum groupoid. Using 3.2.1, we can define C * (σ ϕ , σ ϕ•R , τ ) as the weakly dense sub-C * -algebra of M on which the one-parameter groups σ ϕ t , σ ϕ•R t , τ t are norm continuous, and C * (σ ν , γ) a the weakly dense sub-C * -algebra of N on which the one parameter groups σ ν t and γ t are norm
With the notations of 4.7, we get that A ⊂ C * (σ ϕ , σ ϕ•R , τ ).
4.11. Notations. Using 3.6.2, we define (id
Using again 3.6.2, we define also (id
we get that, for any positive (M(B) ). Let us suppose that ν | B is a KMS weight on B, T | A is a densely defined faithful lower semi-continuous C * -valued weight from A to α(M (B) ), such that the pair (T |A , ϕ |A ) is KMS in the sense of 3.3.2. Let us suppose that
A is non degenerate). When, we shall say that (B, A, α |B , β |B , ν |B , T |A , RT R |A , Γ |A ) is a locally compact quantum groupoid, or, more pricesely, a locally compact sub-quantum groupoid of G. 4.12.3. Example. Let A be a C * -algebra. Let ν be a densely defined lower semicontinuous faithful weight on A, which is KMS with respect to a norm continuous one parameter group of automorphisms σ (3.2.5). Let us denote M = π ν (A) ′′ , and ν the normal semi-finite faithful weight on M which extends ν. Lesieur had introduced in ( [L] , 14) a quantum space quantum groupoid associated to any von Neumann algebra M, acting on the Hilbert space
M. Let tr a normal semi-finite trace on Z(M), such that tr |Z(M (A)) is a densely defined faithful lower semi-continuous KMS trace on Z(M(A)), and T the normal semi-finite operator-
. This isomorphism will allow us to identify the fiber
Using the previous isomorphism, Γ is just the identity. The co-inverse R is then given by
T ) is a measured quantum groupoid he called a "quantum space quantum groupoid". Let us consider now (A,
is the C * -base constructed using tr |Z(A) . It is easy to verify that it is a locally compact sub-quantum groupoid of Lesieur's quantum space quantum groupoid.
4.12.4. Example. Let use again the notations of 4.12.3. Lesieur had introduced in ( [L] , 15) a measured quantum groupoid, called a "pair quantum groupoid" associated to any von Neumann algebra
then, with the nomal * -homomrphism Γ defined by Γ(n
it is clear that :
is a locally compact sub-quantum groupoid of Lesieur's pairs quantum groupoid.
5. From a measured quantum groupoid to a canonical locally compact sub-quantum groupoid 5.1. Notations. Let G = (N, M, α, β, Γ, T, T ′ , ν) be a measured quantum groupoid; we shall use all notations of chapter 2; using 3.2.1, we can define C * (σ ϕ , σ ϕ•R , τ ) as the weakly dense sub-C * -algebra of M on which the one-parameter groups σ
, τ t are norm continuous, and C * (σ ν , γ) a the weakly dense sub-C * -algebra of N on which the one parameter groups σ ν t and γ t are norm continuous. Then α(C * (σ ν , γ)) and β(C
As the modular groups σ ϕ and σ ϕ•R commute, we know that M ϕ ∩ M ϕ•R is weakly dense in M; using now 3.2.1, we see that
be a measured quantum groupoid; we shall use all notations of chapter 2; for any x, y in N ϕ ∩ N T , we have :
Proof. Let z ∈ N ϕ ∩ N T ; using 2.6(iii), we have :
Taking now a basis (e i ) i∈I for T (2.2.1), we have :
5.3. Lemma. Let's use the notations of 5.1.
Proof. For any a 1 , a 2 , b 1 , b 2 in A ∩ M T , we have :
Then, it is easy to get that the linear space generated by all elements of the form
* is an algebra. The fact that C * (G)⊂ M(A) is trivial; which finishes the proof of (i). Let now n ∈ N ν , analytic with respect to σ ν , such that σ ν −i/2 (n * ) belongs to N ν , and x ∈ N ϕ ; we have
from which we get, by continuity, that, for any n ∈ N
which gives (ii).
5.4.
Proposition. Let's use the notations of 5.
Proof. Using 3.4.1(i), we have using ([E4] , 4.5 (ii), (iii) and (iv)) we get the result. 5.5. Proposition. Let's use the notations of 5.1 and 5.3. Let x, y in C * (G)∩N T ∩ N ϕ , and
JϕΛϕ(y) is the norm limit of :
Proof. Using 5.2 and 3.4.1(iii), we get that (
which is (i).
Let now x 3 , x 4 in C * (G) ∩ M T ; we have :
So, applying (i) and 3.1.6, we get that (
B(H). Then, by norm continuity, we get (ii).
Then, by norm continuity, we get (iii). Applying this result to
5.6. Theorem. Let's use the notations of 5.1. Then, the octuple
) are KMS, in the sense of 3.3.2. And we have obtain in 5.5(iv) that Γ |C * (G) is a coproduct in the sense of 3(iv).
It is then clear also that the restriction of T to C * (G) is left-invariant, and the restriction of RT R to C * (G) is right-invariant, and that the modular groups of
commute, which finishes the proof.
5.7. Proposition. Let's use the notations of 5.1. The scaling operator λ of G (which is a non singular positive operator affiliated to Z(M), of the form λ = α(q) = β(q), where q is a non singular positive operator affiliated to Z(N) ([E3], 3.8 (vi))), is affiliated to Z(C * (G)) (and q is affiliated to Z(C * (ν, γ)))) in the sense of ( [B] , [W4] )
Proof. It is clear, using 4.8(iv) applied to C * (G).
5.8. Remark. The examples 4.12.3 and 4.12.4 show that, in general, a locally compact sub-quantum groupoid of a given measured quantum groupoid is not unique.
6. Duality of locally compact groupoids 6.1. Notations. Let G = (B, A, α, β, ν, T, T ′ , Γ) be a locally compact quantum groupoid, as defined in 3.6.4; let G = (N, M, α, β, Γ, T , T ′ , ν) be the measured quantum groupoid constructed in 4.7.
, we shall use, for simplification of notations, α, β, ν, Γ, T , T ′ , instead of α, β, ν, T , T ′ . Moreover, as indicated in 2.9(iii), we shall consider the measured quantum groupoid G, and, therefore, assume that T ′ = RT R, where R is the co-inverse of G. As recalled in 2.9(viii), we consider now the dual measured quantum groupoid G = (N, M , α, β, Γ, T , T ′ , ν), and we shall construct a dual locally compact quantum groupoid
, where A is a sub-C * -algebra of M .
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Proof. Using ([E3], 3.10 (v)); we get that z belongs to N ϕ , and :
Moreover, for any n ∈ B ∩ N ν , analytic with respect to σ ν , and x analytic with respect to σ ϕ , we get :
which remains true for any x ∈ A ∩ N T ∩ N ϕ , and any n ∈ B ∩ N ν , from which we get that zα(n) belongs to N ϕ , and Λ ϕ (zα(n)) = JJR(y)Λ ϕ (xα(n)) = JJR(y)Λ T (x)Λ ν (n), which finishes the proof of (i). Using (i), we get that T (z * 2 z 1 ) = T (x * 2 R(y * 2 )R(y 1 )x 1 ) which belongs to α(M(B)), which finishes the proof. 6.4. Proposition. Let x, y in A ∩ N T ∩ N ϕ ; we have :
Proof. We have :
which gives (i). For all n ∈ N, we have :
where H it is the canonical implementation of γ t on H ν . Which gives that δ it JJΛ ϕ (x) belongs to D(H β , ν o ). Moreover, using now that Γ(
we finish the proof of (ii). Then (iii) is obtained easily from (ii) and (i). Using then
, 3.8 (vii)), we get (iv). Then (v) is obtained using (iii), (iv) and [E3] , 3.10 (vii).
6.5. Proposition. Let's use the notations of 5.1. Let A 0 be the set of elements and τ t , and such that, for any z, z 
we obtain a sequence x n in A 0 , which is norm converging to x, by similar arguments as in 3.2.1. Then, we can prove that
is norm dense in A, using 3.6.4 (iii) and (vi).
6.6. Lemma. Let's use the notations of 5.1 and 6.5. The linear set generated by all elements of the form (ω JJΛϕ(x),JΛϕ(y) * id)(W ) with x, y in A 0 is invariant by * .
Proof. We have, using 6.3, Λ ϕ ((ω JJΛϕ(x),JΛϕ(y) * id)(W )) = JJR(y)Λ ϕ (x). Therefore, (ω JJΛϕ(x),JΛϕ(y) * id) (W ) belongs to N * ϕ if and only if JR(y)Λ ϕ (x) belongs to D( ∆ −1/2 ). But, if x, y belong to A 0 , we get, using successively [E3] 3.10(vii), [V1] , [E3] 3.8(vii), [E3] 3.10(v) that :
, which both belong to A 0 . Therefore, we get that :
and Λ ϕ (X) = JJΛ ϕ (Y ) (for instance, using 6.3, any linear combination of operators of the form (ω JJΛϕ(x 1 ),JΛϕ(y 1 ) * id)(W ) with
,JΛϕ(y 2 ) * id)(W ) satisfies the same property.
Proof. Let us suppose first that x 2 , y 2 are analytics with respect to τ t and that τ −i/2 (x 2 ) and R(τ i/2 (y 2 ) * ) belong to N ϕ . Using ([E3] 3.1.(iv) and 3.10.5), [V1] 5.1, we get that :
and, using [E3] 3.8(vii) :
Using then 6.4 (v), we get : and, thanks to 3.6.4 (v) and 4.8(iv), we get the result.
6.8. Notations. Let us denote by A the subalgebra of M generated by elements of the form (ω JJΛϕ(x 1 ),JΛϕ(y 1 ) * id)(W ) with x 1 , y 1 , in A 0 . Then, using 6.6, we get that A is invariant by * . Using now 2.9.4(ii), we get that A is invariant by R. Let us now denote by A the norm closure of A. It is clear that A is a sub-C * -algebra of M , weakly dense in M , invariant by R. Proof. We have got in 6.3 that, for any x, y in A ∩ N T ∩ N ϕ , and n ∈ B ∩ N ν , we have :
(ω JJΛϕ(x),JΛϕ(y) * id)(W )α(n) = (ω JJΛϕ(xα(n)),JΛϕ(y) * id) (W ) If now x ∈ A ∩ N T ∩ N ϕ ∩ N RT R ∩ N ϕ•R , we get that R(xα(n)) = β(n)R(x) belongs to A ∩ N T ∩ N ϕ , and, therefore, that xα(n) belongs to A ∩ N T ∩ N ϕ ∩ N RT R ∩ N ϕ•R . Moreover, if x belongs to A (as defined in 6.5), and if n is analytic with respect to σ ν t and γ t , then xα(n) belongs to A; therefore, if X belong to A, then Xα(n) belongs to A. Using now the invariance of A by * and R, we get that α(n)X, γ(n)X, Xγ(n) belong to A. Then, by continuity, we get the first results of (i). Using now 6.4(v), we get that A ⊂ C * ( ϕ, ϕ • R, τ ), which, by density, finishes the proof of (i). Using 6.7, we get that, for any X ∈ A, X belongs to N T ∩ N ϕ , and T (X * X) ∈ α(M(B)). Moreover, as A + is norm dense in A, for any x ∈ A ∩ M + T
, it is possible to construct a sequence x n in A + , such that x n ≤ x and x n is norm converging to x. Then, using ([K2], 3.5) to the restriction of T to C * ( ϕ, ϕ • R, τ ), we get that T (x n ) is strictly converging to T (x); therefore, we get that T (x) belongs to α (M(B) ). Using the invariance of A by R, we finish the proof of (ii). The proof of (iii) is obtained by similar arguments.
6.10. Theorem. For any x ∈ A, Γ(x) belongs to
Proof. Let x, y in A. Using 5.5(i) applied to G, and using the elements a n and b n defined such that Σ N Λ T (a n )Λ T (b n ) is an approximate unit of A, we get that :
(ω Λϕ(x), JΛ ϕ (bn) * id) (W ) As x and b n belong to A, we get that Λ ϕ (x) belongs to JJΛ ϕ (A) and that JΛ ϕ (b n ) belongs to JΛ ϕ (A); therefore, (ω Λϕ(x), JΛ ϕ (bn) * id)(W ) belongs to A, and we get, by continuity,
(H).
Which, by continuity, remains true for any x in A. Using now similar arguments as in 5.5, we obtain the result.
6.11. Theorem. The octuple G = (B, A, α |B , γ |B , ν |B , T | A , R T R | A , Γ | A ) is a locally compact quantum groupoid, we shall call the dual of G.
7.3.3. Ramsay's theorem. [Ra] Let G be a measured groupoid, with G (0) as space of units, and r and s the range and source functions from G to G (0) , with a Haar system (λ u ) u∈G (0) and a quasi-invariant measure ν on G (0) . Let us write µ = G (0) λ u dν. Let Γ G , r G , s G be the morphisms associated in 7.3.1. Then, there exists a locally compact groupoid G, with set of unitsG (0) , with a Haar system (λ u ) u∈G (0) , and a quasi-invariant measureν onG (0) , such that, ifμ = G(0)λ u dν, we get that the abelian measured quantum groupoids G(G) and G(G) are isomorphic.
7.4. Locally compact transformation groupoid. In [ET] had been defined the "measured quantum transformation groupoids", which are quantum groupoids constructed on a crossed product of a von Neumann algebra N by a specific action of a quantum group G; more precisely, N must be a braided commutative Yetter-Drinfel'd algebra. Frank Taipe ([ Ta] ) had proved that, if the quantum group is constructed from an algebraic quantum group, as defined by Van Daele in ( [VD] ), acting on a * -algebra, with appropriate axioms, then the crossed product of the action of the quantum group on the norm closure of the algebra is a locally compact quantum transformation groupoid. Here, mimicking this thesis, we obtain the same result for appropriate action of a locally compact quantum group on a C * -algebra. I must thank Frank Taipe who gave me new ideas on the subject. 7.4.3. Definition. [ET] If (N, α, α) is a braided commutative G-Yetter-Drinfel'd algebra, we can construct on the crossed product G⋉ a N a structure of Hopf bimodule ( [ET] , 4) by the following way :
On the crossed-product G⋉ a N, letα be the dual action of G o given, for X ∈ G ⋉ a N, by α(X) = ( W o * ⊗ 1)(1 ⊗ X)( W o ⊗ 1)
For any η ∈ H and p ∈ N ν , the vector U (a * n )) ( R(y n,p ) ⊗ 1)α(x)
By continuity of Γ, we obtain the result.
7.4.8. Lemma. Let y n ∈ A ∩ M ϕ , such that (Λ ϕ (y n )) n is an orthonormal basis of H. Let X ∈ G ⋉ α B ∩ N T α ∩ N ν (resp. X ′ ∈ A ∩ N T α ∩ N ν ) and ǫ > 0. (i) There exists N in N, and, for any n ∈ N, such that 1 ≤ n ≤ N, there exists a n,N ∈ B such that ||X − Σ N n=1 (y n ⊗ 1)α(a n,N )|| < ǫ (ii) There exists N in N, and, for any n ∈ N, such that 1 ≤ n ≤ N, there exist a n ∈ B ∩ N ν such that :
is the weak limit of Σ n Λ ϕ (y n ) ⊗ a n and T a (X * X) is the weak limit of α(Σ n a * n a n ). (iv) Let us suppose that T a (X * X) belongs to α(B); then T a (X * X) is the norm limit of α(a * n a n ) and Λ T a (X) is the norm limit of Σ n Λ ϕ (y n ) ⊗ a n .
Proof. Using 7.4.4, we get that, for all ǫ > 0, there exist z p ∈ A ∩ N ϕ and b p ∈ B ∩ N ν such that
. Using now the basis (Λ ϕ (y n )) we get that there exists N and λ p,n ∈ C such that, for all 1 ≤ p ≤ P , we have Λ ϕ (z p ) = Σ N n=1 λ p,n Λ ϕ (y n ), and, therefore, Λ ν (Σ P p=1 (z p ⊗ 1)α(b p )) = Σ N n=1 Λ ϕ (y n ) ⊗ Λ ν (Σ P p=1 λ p,n b p ). From which we get that Σ P p=1 (z p ⊗ 1)α(b p ) = Σ N n=1 (y n ⊗ 1)α(Σ P p=1 λ p,n b p ). Writing a n,N = Σ P p=1 λ p,n b p , we get (i). There exists a family ξ n in H ν such that Λ ν (X) = Σ n Λ ϕ (y n ) ⊗ ξ n . We have ν(X * X) = Σ n ||ξ n || 2 . Therefore, there exists N such that Σ n>N ||ξ n || 2 < ǫ/2. And, for all n ≤ N, there exist a n ∈ B ∩ N ν such that ||ξ n − Λ ν (a n )|| 2 < ǫ/2N. From which we get that ||Λ ν (X)−Σ N n=1 Λ ϕ (y n )⊗Λ ν (a n )|| 2 = ||Σ N n=1 Λ ϕ (y n )⊗(ξ n −Λ ν (a n ))|| 2 +||Σ n>N Λ ϕ (y n )⊗ξ n || 2 < ǫ which is (ii).
